We give an upper bound on the number of colours required to extend a given vertex colouring of a graph to a total colouring. This shows that for any simple graph there is a total colouring using at most :d + 3 colours, where A is the maximum vertex degree.
Introduction
Let G = ( V, E) be a graph without loops. When we talk about a colonring of a subset of I/WE, we shall always assume that it is proper; that is, no two adjacent or incident elements receive the same colour. A vertex colouring, edge colouring, total colouring is a proper colouring of V, E, VuE, respectively.
The chromatic number x(G), edge chromatic number xc(G), total chromatic number x,(G)
is the least number of colours in a vertex, edge, total colouring of G, respectively.
Let d(G) be the maximum degree of a vertex in G. Let us restrict our attention temporarily to simple graphs (without multiple edges). Clearly, xp 3 d and x, 3 d + 1. It is well known that x < A + 1 and xe < A + 1. The total colouring conjecture is that xT< A+2 [l, lo] . Indeed, perhaps any vertex colouring with not too many colours extends to a total colouring with at most A + 2 colours?
The total colouring conjecture has been verified for several special cases of graphs, including, for example, complete graphs (see [2, 4] for surveys). We are interested here in upper bounds on the total chromatic number or. Of course, trivially, xr < x + xe.
Kostochka [6] showed in 1977 that xT<*A for multigraphs with A 26. For related results see, for example, [4] .
Recently, Hind [S] has shown that xT<xe+2 r&l. It has also been shown that if k is an integer, with k! at least the number of vertices, then xr<xe+ k+ 1, and that 'most' graphs satisfy or = A + 1 (see [7, 8] For a more precise result see Lemma 2.3. By Brooks' theorem, x(G) d A(G) for any connected graph G which is not complete or an odd cycle. Hence, using also Vizing's theorem we obtain the following corollary.
Corollary 1.2. For any simple graph,
This is similar to a result attributed to Yap in [4] .
Proof of the theorem
Our proof hinges on the following two preliminary lemmas. Proof. It suffices to assume that G is a cycle. Define &i : VW{ 1, . . . ,4) by setting #i(v)=~$(v) if VEW and 4i(u)= 1 otherwise. Case (i): Suppose that there exist consecutive vertices u, 11 and w on the cycle so that c$J~(u)#c$,(w) and dr(w)# 1. Now we assign colour bl(w) to the edge {u,v}. Next we colour one after another the edges {x, y) around the cycle away from w, avoiding the colours $i(x) and 4i(y). Observe that at each edge, including the last edge (v, w}, there are at most 3 colours unavailable, and, so, we can indeed construct $ using only colours 1, . . . ,4.
Lemma 2.1. Let G=(V, E) be a graph with A(G)Q2, let WS. V, and let
Case ( i for v~V~,for each i= 1, . . . ,p.
u VP. Then there is a colouring 4 of WuE using at most max(p,Xe)+~min(p,X,)+t(min(p,X,)) colours such that 4(v) =
(Note that when W= V we obtain the theorem.)
Proof. Suppose first that we know the result for the case p<xe, and let p>xp. Apply the known result to VI, . . . , V,, and then use p -xe new colours for V,= + 1, . . , VP. This uses at most [xe +$ xe+ t(XJ] + (p -XJ colours, as required. Hence, it suffices to consider the case p<xJG).
Assume first that p = 5k -1, where k 3 2. Note that Petersen's theorem states that any cubic bridgeless graph has a perfect matching (see [3, pp. 195-2011 ). If we apply Lemma 2.2 to such a graph, we find that any 4-vertex colouring of a cubic bridgeless graph extends to a 5-total colouring. It is easy to deduce from this Rosenfeld's result [9] that if d(G)<<, then xT(G)6 5.
